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Chapter Three 


Section 3.1 


1. Let y = e H , so that y' = r e rt and y" = r e rt . Direct substitution into the differential 
equation yields (r 2 ±2r — 3)e rt = 0 . Canceling the exponential, the characteristic 
equation is r 2 ± 2r — 3 = 0 . The roots of the equation are r = —3,1. Hence the 
general solution is y = c i e t + c 2 e~ 3t . 

2. Let y = e H . Substitution of the assumed solution results in the characteristic equation 
r 2 ± 3r ± 2 = 0 . The roots of the equation are r = -2,-1. Hence the general 
solution is y = Cie~ f ± c 2 e~ n . 


4. Substitution of the assumed solution y = e rt results in the characteristic equation 
2r 2 — 3r ± 1 = 0 . The roots of the equation are r = 1/2,1. Hence the general 
solution is y = Cie^ 2 + c 2 e t . 


6. The characteristic equation is 4r 2 — 9 = 0, with roots r = ±3/2 . Therefore the 
general solution is y = Cie -3 */ 2 ± c 2 e 3 ^ 2 . 


8. The characteristic equation is r 2 
general solution is y = Ciexpil — 


— 2r — 2 = 0, with roots r = l±y/3^. Hence the 
\/ojt ± c 2 exp(^ 1 ± 


9. Substitution of the assumed solution y = e rt results in the characteristic equation 
r 2 + r — 2 = 0 . The roots of the equation are r = —2,1. Hence the general 
solution is y = Cie~ 2t + c^. Its derivative is y' = — 2cie“ 2 * ± c 2 e*. Based on the 
first condition, y( 0) = 1, we require that c\ + c 2 = 1. In order to satisfy t/'(0) = 1, 
we find that — 2ci + c 2 = 1. Solving for the constants, c x = 0 and c 2 = 1. Hence the 
specific solution is y(t) = ef 

11. Substitution of the assumed solution y = e rt results in the characteristic equation 
6r 2 — 5r ± 1 = 0 . The roots of the equation are r = 1/3,1/2. Hence the general 
solution is y = Cie^ 3 ± c 2 e t,/2 . Its derivative is y' = Cie i//3 /3 ± c 2 e^ 2 /2 . Based 
on the first condition, y{ 0) = 1, we require that c\ + c 2 = 4 . In order to satisfy the 
condition y'(0) = 1, we find that Ci/3±c 2 /2 = 0. Solving for the constants, C\ = 12 
and c 2 = — 8 . Hence the specific solution is y(t) = 12 e t ^ 3 — 8 e^ 2 . 

12. The characteristic equation is r 2 ± 3r = 0, with roots r = —3,0. Therefore the 
general solution is y = C\ + c 2 e 3t , with derivative y' = — 3 c 2 e 3t . In order to 
satisfy the initial conditions, we find that c\ + c 2 = — 2 , and — 3 c 2 = 3 . Hence the 
specific solution is y(t) = — 1 — e~ 3t . 

13. The characteristic equation is r 2 ± 5r ± 3 = 0, with roots 
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C.2 


S ± # 

2 2 


The general solution is y = Ciexpy — 5 — 
derivative 



+ c 2 exp[ — 5 + v 13)t/2, with 


, — 5 — y/l3 ( c /^ /0 , -5 + ^13 ( c , /q^ /0 

y = ---Ciexpl — 5 — v Id Jr/2 H--- c 2 exp I — 5 + y Id Jr/2 . 

In order to satisfy the initial conditions, we require that c x + c 2 = 1, and 

-s-Vni C| _|_ —5+\/i3 C2 _ q Solving for the coefficients, c, = ^1 — 5/ a/hQ /2 and 

c 2 = (l + 5/V^3)/2. 



14. The characteristic equation is 2r 2 + r — 4 = 0, with roots 


f 1,2 


1 . A3 
4 4 


The general solution is y = Ciexpy — 1 — 
derivative 



+ c 2 exp 


1 + v 33 


, with 


y = 


1 - v 7 ^ 


Ci exp 


+ 


1 + v 7 ^ 


c 2 exp 


1 + v 33 


In order to satisfy the initial conditions, we require that Ci + c 2 = 0, and 
~ 1 ~ 4 ^ 33 c i + ~ 1+ V^ c 2 = 1. Solving for the coefficients, c, = — 2/-\/33" and 
c 2 = 2/ \/33". The specific solution is 


y(*) 


- 2 



- i - 





/v 7 ^. 
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3 4 


16. The characteristic equation is 4r 2 — 1 = 0, with roots r = ±1/2 . Therefore the 
general solution is y = Cie _f / 2 ± c 2 e t / 2 . Since the initial conditions are specified at 
t = — 2 , is more convenient to write y = c ^ e - ^ 2 )/ 2 ± d 2 e^ t+2 >' 2 . The derivative 
is given by y 1 = — [d 1 e~^ +2 )/ 2 ] /2 ± [d 2 e^ +2 ^ 2 ]/2 . In order to satisfy the initial 
conditions, we find that di + d 2 = 1, and — di/2 + d 2 /2 = —1. Solving for the 
coefficients, d\ = 3/2 , and d 2 = — 

y(t) = 


14 - 

12 - 

10 : 

8 - 

6 - 

4 - 

2 - 



18. An algebraic equation with roots — 2 and — 1/2 is 2r 2 ± 5r ± 2 = 0 . This is the 
characteristic equation for the ODE 2y " + 5y ’ + 2 y = 0 . 

20. The characteristic equation is 2r 2 — 3r ± 1 = 0, with roots r = 1/2 , 1. Therefore 
the general solution is y = c x e t ! 2 + c 2 e f , with derivative y' = Cie t//2 /2 ± c 2 e 1 . In 
order to satisfy the initial conditions, we require Ci ± c 2 = 2 and Ci/2±c 2 = 1/2. 
Solving for the coefficients, Ci = 3, and c 2 = — 1. The specific solution is 
y(t) = 3e*/ 2 — ef To find the stationary point, set y 1 = 3e^ 2 /2 — e 1 = 0 . There is 
a unique solution, with t, = ln( 9/4). The maximum value is then y(ti) = 9/4. To find 


1/2 . The specific solution is 

3 -( i + 2)/2 _ 1 ( t + 2)/2 
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the x-intercept, solve the equation 3e^ 2 — e 1 = 0 . The solution is readily found to be 
t 2 = ln9 « 2.1972. 


22. The characteristic equation is 4r 2 — 1 = 0, with roots r = ±1/2 . Hence the 
general solution is y = Cie -2 / 2 ± c 2 e 2 / 2 , with derivative y' = — Cie~‘ /2 /2 ± c 2 e t/2 /2. 
Invoking the initial conditions, we require that ci ± c 2 = 2 and — C\ + c 2 = (3. 

The specific solution is y(t) = (1 — /3)e~ t ^ 2 + (1 ± /3)e^ 2 . Based on the form of the 
solution, it is evident that as t -* oo, y(t)~* 0 as long as f3 = — 1. 

23. The characteristic equation is r 2 — (2 a — 1 )r + a(a — 1) = 0 . Examining the 
coefficients, the roots are r = a , a — 1. Hence the general solution of the differential 
equation is y(t) = Cie at + c 2 e( a_1 ± Assuming a e M, all solutions will tend to zero 
as long as a < 0 . On the other hand, all solutions will become unbounded as long as 
a — 1 > 0, that is, a > 1. 

25. y(t) = 2e t / 2 /5±3e- 2 75. 



The minimum occurs at ( t 0 ,y 0 ) = (0.7167,0.7155). 


26(a). The characteristic roots are r = — 3, — 2 . The solution of the initial value 
problem is y(t) = (6 + f3)e~ 2t — (4 + /3)e~ 3t . 


(6). The maximum point has coordinates t 0 = In 


3 ( 4 +/?) 

2 ( 6 +/?) 


,Vo = 


4 ( 6+/?) 3 
27 ( 4+/?) 2 ‘ 


(c). ?/o = 2 4 7 ( ( 6 4 ^2 > 4 , as long as (3 > 6 ± 6^/3"- 


(d). lim 

p —>00 


= ln | 


lim y 0 = oo . 

/?—><X) 


29. Set v = y 1 and u' = y ". Substitution into the ODE results in the first order equation 
tv' + v = 1. The equation is linear, and can be written as (t v)' = 1 . Hence the general 
solution is v = 1 + Ci/t. Hence y' = 1 + Ci/f , and y = t + c x lnt + c 2 . 

31. Setting v = y' and v' = y", the transformed equation is 2 t 2 v' + v 3 = 2t v . This 
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is a Bernoulli equation, with n = 3 . Let w = v~ 2 . Substitution of the new dependent 
variable yields — t 2 w' + 1 = 2t w, or t 2 w' + 2t w = = 1. Integrating, we find that 
w = (t + Ci)/t 2 . Hence v = ±t/yjt + c x , that is, y' = ±f/+ c : . Integrating one 
more time results in y(£) = ±|(f — 2^)^ + Ci + c 2 . ( Note that v = 0 is also a 
solution of the transformed equation). 

32. Setting v = y' and v' = y", the transformed equation is v' + v = e _ f This ODE 
is linear, with integrating factor //(f) = ef Hence v = y' = (£ + Ci)e _ f Integrating, 
we obtain y(f) = — (£ + Ci)e _t + c 2 . 

33. Set v = y' and u' = y". The resulting equation is t 2 v' = v 2 . This equation is 
separable, with solution v = y' = £/(l + cT). Integrating, the general solution is 

y(£) = t/c\ — c“ 2 /n|l + ci£| + c 2 , 

as long as c x ^ 0 . For c x = 0, the solution is y(f) = t 2 /2 + c 2 . Note that v = 0 is 
also a solution of the transformed equation. 

35. Let y' = v and y" = vdv/dy. Then vdv/dy + y = 0 is the transformed equation 
for v = v(y). This equation is separable, with v dv = —ydy. The solution is given by 
v 2 = — y 2 + Ci. Substituting for v, we find that y' = c x — y 2 . This equation is 
also 

separable, with solution arcsin(y/^/cl) = ± t + c 2 , or y(f) = disin(t + d 2 ). 

36. Let y ' = v and y" = v dv/dy . It follows that vdv/dy + yv 3 = 0 is the differential 
equation for v = v{y). This equation is separable, with v~ 2 dv = — y dy. The solution 
is given by v = [y 2 /2 + c/\ 1 . Substituting for v, we find that y' = [y 2 /2 + Ci] . This 
equation is also separable, with (;y 2 /2 + c, )dy = dt. The solution is defined implicitly 
by y 3 /6 + c x y + c 2 = t . 

38. Setting y' = v and y" = vdv/dy, the transformed equation is y vdv/dy — v 3 = 0. 
This equation is separable, with u -2 dv = dy/y . The solution is v(y) = [c, — /n|y|] _1 . 
Substituting for v, we obtain a separable equation, {c x — ln\y\)dy = dx . The solution is 
given implicitly by c 2 y — y ln\y\ + c : > = t. 

39. Let y' = u and y" = vdv/dy . It follows that vdv/dy + u 2 = 2e _2/ is the equation 
for v = v(y). Inspection of the left hand side suggests a substitution w = v 2 . The 
resulting 

equation is dw/dy + 2w = Ae~ y . This equation is linear, with integrating factor 

/i = e 2y . 

We obtain d(e 2y w)/dy = 4e y , which upon integration yields w(y) = Ae~ y + C\e~ 2y . 
Converting back to the original dependent variable, y' = ±e _2/ y/4 e y + C\ . Separating 
variables, e y (4 e y + Ci)~ 1/2 dy = ±dt. Integration yields a/4 e y + c 2 = ± 2 1 + c 2 . 

41. Setting y' = v and y" = vdv/dy, the transformed equation is vdv/dy — 3y 2 = 0. 
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This equation is separable, with vdv = 3 y 2 dy . The solution is y' = v = a/2 y 3 + c x . 
The positive root is chosen based on the initial conditions. Furthermore, when t = 0 , 
y = 2 , and y' = v = 4. The initial conditions require that c, = 0 . It follows that 
y' = a/2 y 3 . Separating variables and integrating, 1 / yjy = —1/ v2~ + c 2 . Hence 
the solution is y(t) = 2/(1 — t) 2 . 

42. Setting v = y' and v' = y", the transformed equation is (1 + t 2 )v' + 2 tv = 

= —3A 2 . Rewrite the equation as u' + 2tv/(l + t 2 ) = — 3t 2 /(1 + t 2 ). This 
equation is linear, with integrating factor p = 1 + t 2 . Hence we have 

[(i + t 2 )v]'= -3 r 2 . 

Integrating both sides, v = 3t _1 /(l + t 2 ) + ^/(l + t 2 ). Invoking the initial condition 
v(l) = — 1, we require that c x = — 5 . Hence y' = (3 — bt)/{t + t 3 ). Integrating, 
we obtain y(t) = |/n[t 2 /(1 + t 2 )] — 5 arctan(t ) + c 2 . Based on the initial condition 
y(l) = 2 , we find that c 2 = |/n2 + |7r + 2 . 
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Section 3.2 

1 . 


W(e 2 \e~ 3t/2 ) 


e 2 1 e -3t/2 

2e 2t _ 3 e -3t/2 


- -e 1 ' 2 . 


3. 


W(e- 2t ,te~ 2t ) = 


,- 2 1 


„—2t 


e “ v te 

2e~ 2t (1 - 2 t)e~ 2t 


= e 


- 41 


5. 


W (e*sin t , e t cos t) = 


e t sint e t cost 

e t (sint + cost) e t (cost — sint) 


= — e 


2 1 


6 . 


W ( cos 2 0 ,1 + cos 2 9) 


cos 2 9 1 +cos 29 

— 2sin9cos9 —2 sin 29 


7. Write the equation as y" + (3 /t)y' = 1. p(t) = 3 ft is continuous for all t > 0. 
Since t 0 > 0 , the IVP has a unique solution for all t > 0. 

9. Write the equation as y" + y^l)' + y = jifhc ■ The coefficients are not 
continuous at t = 0 and t = 4. Since t 0 G (0,4), the largest interval is 0 < t < 4 . 

10. The coefficient 3ln\t\ is discontinuous at t = 0 . Since to > 0 , the largest interval 
of existence is 0 < t < oo. 

11. Write the equation as y" + = 0 . The coefficients are discontinuous 

at x = 0 and x = 3 . Since x 0 E (0,3), the largest interval is 0 < x < 3 . 

13. y" = 2 . We see that t 2 ( 2) — 2 (t 2 ) = 0 . y" = 2 1~ 3 , with t 2 (y 2 // ) — 2(y 2 ) = 0 . 

Let y 3 = Cit 2 + c 2 t _1 , then y 3 " = 2c 1 + 2c 2 t~ 3 . It is evident that y s is also a solution. 

16. No. Substituting y = sin(t 2 ) into the differential equation, 

— 4 t 2 sin(t 2 ^ + 2cos(t 2 ) + 2 1 cos(t 2 ^p(t) + sm(f 2 )g(f) = 0 . 

For the equation to be valid, we must have pit) = — 1/t, which is not continuous, or 
even defined, at t = 0 . 
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17. W ( e 2t , g(t)) = e 2t g'(t) — 2e 2t g(t) = 3e 4 f Dividing both sides by e 2t , we find 
that g must satisfy the ODE g' — 2g = 3e 2 f Hence g(t) = 3 t e 2t + c e 2t . 

19. W(f ,g) = fg' — f'g. Also, W(u ,v) = W(2f - g, f + 2g). Upon evaluation, 
W(u,v) = 5fg'-5f'g = 5W(f,g). 

20. W(f,g) = fg' - f'g = t cost - sint, and W(u,v) = -Afg' + Af'g. 

Hence W(u , v) = — At cos t + Asin t. 

22. The general solution is y = c x e~ M + c 2 e _ f W (e _3t , e _f ) = 2e ~ At , and hence 

the exponentials fonn a fundamental set of solutions. On the other hand, the fundamental 
solutions must also satisfy the conditions yfl) = 1, y/(l) = 0; y 2 (l) = 0, y 2 '(l) = 1. 
For y 1 , the initial conditions require c x + c 2 = e, — 3ci — c 2 = 0 . The coefficients are 
c, = — e 3 /2 , c 2 = 3e/2 . For the solution, y 2 , the initial conditions require c 1 + c 2 = 0 
, — 3ci — c 2 = e . The coefficients are c, = — e 3 /2 , c 2 = e/2 . Hence the fundamental 
solutions are {yi = — i e _3 0 _1 ) + |e — ( i—x ), y 2 = — |e _3 0 _1 ) + i e “h _1 )|. 

23. Yes. y" = — 4cos2t; y” = —Asin2t. W (cos 2t , sin 2t ) = 2 . 

24. Clearly, y, = e* is a solution. y 2 ' = (1 + £)e*, y 2 " = (2 + £)ef Substitution into the 
ODE results in (2 + fe 1 — 2(1 + £)e t + £ e* = 0 . Furthermore, FF (e f , tef = e 2t . 

Hence the solutions fonn a fundamental set of solutions. 

26. Clearly, y x = x is a solution. y' 2 = cos x , y" = — sin x . Substitution into the 
ODE results in (1 — xcotx){ — sinx) — x(cosx) + sinx = 0. W(y 1 ,y 2 ) = x cos 
x — sinx, 

which is nonzero for 0 < x < n . Hence {x , sin x} is a fundamental set of solutions. 

28. P = 1, Q = x, R = 1. We have P" — Q' + R = 0 . The equation is exact. Note 
that (y')' + ( xy)' = 0 . Hence y' + xy = c x . This equation is linear, with integrating 
factor // = e :,r/ '“. Therefore the general solution is 

PX 

y(x) = c x exp( — x 2 / 2) / exp(ii 2 /2}du + c 2 exp( — ar/2). 

J Xq 


29. P = 1, Q = 3x 2 , R = x . Note that P" — Q' + R = — 5a:, and therefore the 
differential equation is not exact. 

31. P = x 2 ,Q = x,R = —1. We have P" — Q' + R = 0 . The equation is exact. 
Write the equation as ( x 2 y')' — ( xy)' = 0 . Integrating, we find that x 2 y' — xy = c. 
Divide both sides of the ODE by ar. The resulting equation is linear, with integrating 
factor // = 1/a:. Hence ( y/x)' = car 3 . The solution is y(£) = Ciar 1 + c 2 x . 
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33. P = x 2 , Q = x , R = x 2 — v 2 . Hence the coefficients are 2 P' — Q = 3x and 
P" -Q' + R = a: 2 +l — v 2 . The adjoint of the original differential equation is given 
by x 2 /i" + 3a;/i'+(a; 2 +l — v 2 )f.i = 0 . 

35. P = 1,Q = 0,R = — x. Hence the coefficients are given by 2 P' — Q = 0 and 
P" — Q' + R = — x. Therefore the adjoint of the original equation is n " — x n = 0 . 
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Section 3.3 

I. Suppose that a f(t ) + f3 g(t ) = 0 , that is, a(t 2 + 5 1) + (3(t 2 — 5t) = 0 on some 
interval I. Then (a + /3)t 2 + 5(ct — /3)t = 0, \/t E I. Since a quadratic .has at most 
two 

roots, we must have a + (3 = 0 and a — (3 = 0 . The only solution is a = f 3 = 0. 
Hence the two functions are linearly independent. 

3. Suppose that e xt cos pt = A e xt sin pt , for some A 7 ^ 0 , on an interval I. Since the 
function sin pt 7 ^ 0 on some subinterval I 0 C I , we conclude that tan pt = A on I 0 . 
This is clearly a contradiction, hence the functions are linearly independent. 

4. Obviously, f(x) = e g(x ) for all real numbers x . Hence the functions are linearly 
dependent. 

5. Here f(x) = 3 g(x) for all real numbers. Hence the functions are linearly dependent. 

8 . Note that f(x) = g(x) for x E [ 0, 00 ), and f(x) = — g(x) for x G ( — 00 ,0 ]. It 
follows that the functions are linearly dependent on ]R + and M . Nevertheless, they are 
linearly independent on any open interval containing zero. 

9. Since W(t) = t sin 2 t has only isolated zeros, W ( t ) cannot identically vanish on any 
open interval. Hence the functions are linearly independent. 

10. Same argument as in Prob. 9. 

II. By linearity of the differential operator, Cij/i and c 2 ?/2 are also solutions. 

Calculating 

the Wronskian, , c 2 y 2 ) = (c 1 y 1 )(c 2 y 2 ) / - (cyy t )'(c 2 y 2 ) = c 1 c 2 W(y 1 , y 2 ) . 

Since W(y l , y 2 ) is not identically zero, neither is W (c L y , c 2 y 2 ). 

13. Direct calculation results in 

W (oi^! + a 2 y 2 , 61^1 + 622 / 2 ) = aib 2 W ( y 1 , y 2 ) - b x a 2 W(y x , y 2 ) 

= (ox 6 2 - a 2 b 1 )W(y l ,y 2 ). 

Hence the combinations are also linearly independent as long as aib 2 — a 2 b x 7 ^ 0 . 

14. Let ct(i + j) + /3(i — j) = Oi + 0 j. Then a + (3 = 0 and a — 1 3 = 0. The only 
solution is a = (3 = 0 . Hence the given vectors are linearly independent. Furthermore, 
any vector oj + o 2 j = (y + f) (i + j) + (| - f) (i - j) • 

16. Writing the equation in standard form, we find that P(t) = sint/cost. Hence the 
Wronskian is W(t) = b exp( — f fyyjdt) = b exp(ln\cost\) = b cos t , in which b is 
some constant. 
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17. After writing the equation in standard form, we have P(x) = 1 /x . The Wronskian 
is W(t) = cexp[ — f^dx) = cexp( — ln\x\) = c/\x\, in which c is some constant. 

18. Writing the equation in standard form, we find that P(x) = — 2a:/(1 — x 2 ). The 
Wronskian is W(t) = cexp{ — f f^dx) = cexp( — ln\l — x 2 \ ) = c|l — x 2 \ , 

in which c is some constant. 


19. Rewrite the equation as p{t)y" + p'(t)y' + q(t)y = 0. After writing the equation 
in standard fonn, we have P(t) = p'(t ) /p(t). Hence the Wronskian is 


W (t) = c exp 



cexp( — lnp(t )) = c/p(t ). 


21. The Wronskian associated with the solutions of the differential equation is given by 

W(t) = cexp{ — f dt ) = cexp( — 2 /t). Since W( 2) = 3 , it follows that for the 

hypothesized set of solutions, c = 3 e . Hence W (4) = 3 yfe . 

22. For the given differential equation, the Wronskian satisfies the first order differential 
equation W' + p(t)W = 0 . Given that W is constant, it is necessary that p(t) = 0 . 

23. Direct calculation shows that 

W(fg,fh) = (fg)(fh)' - (Jg)'(fh) 

= ( fg)(f'h + fti) - (f'g + fg'j(fh) 

= fW(g,h)- 


25. Since y x and y 2 are solutions, they are differentiable. The hypothesis can thus be 
restated as y[{U) = y.^to) = 0 at some point t 0 in the interval of definition. This 
implies that W{y x ,y 2 )(t 0 ) = 0. But W(y 1 ,y 2 )(t 0 ) = cexp{ - Jp(t)dt) , which 
cannot be equal to zero, unless c = 0 . Hence W(y 1 , y 2 ) = 0, which is ruled out for 
a fundamental set of solutions. 
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Section 3.4 

2. exp{2 — 3z) = e 2 e -3 * = e 2 (cos 3 — i sin 3). 

3. e m = cos 7r + i sin 7r = — 1. 

4. exp{2 — |i) = e 2 (cos | — i sin |) = — e 2 i . 

6 . 7r _1+2 * = exp[( — 1 + 2i)/n7r] = ea;p( — lnn)exp(2 In iri) = \ exp {2 Irnri) = 

= \ [cos (2 In 7r) + i sin (2 In 7r)]. 

8 . The characteristic equation is r 2 — 2r + 6 = 0, with roots r = 1 ± i\/5". Hence the 
general solution is y = c^cos \fht + c 2 e t sin yht. 

9. The characteristic equation is r 2 + 2r — 8 = 0, with roots r = —4,2. The roots 
are real and different, hence the general solution is y = C\e~ At + c 2 e 2/ . 

10. The characteristic equation is r 2 + 2r + 2 = 0, with roots r = — 1 ± i. Hence the 
general solution is y = Cie^cos t + c 2 e~ l sin t. 

12. The characteristic equation is 4r 2 + 9 = 0, with roots r = ±| i. Hence the 
general solution is y = Cicos 1 1 + c 2 sin 1 1. 

13. The characteristic equation is r 2 + 2r + 1.25 = 0, with roots r = — 1 ± \i. Hence 
the general solution is y = Cie^cos \t + c 2 e~ l sin It. 

15. The characteristic equation is r 2 + r + 1.25 = 0, with roots r = — \ ± i. Hence 
the general solution is y = Cie~ t/2 cos t + c 2 e~ t/2 sin t. 

16. The characteristic equation is r 2 + 4r + 6.25 = 0, with roots r = — 2 ±| i. Hence 
the general solution is y = Cie~ 2t cos 1 1 + c 2 e~ 2t sin 1 1. 

17. The characteristic equation is r 2 + 4 = 0, with roots r = ± 2i. Hence the general 
solution is y = Cicos 21 + c 2 sin 21. Its derivative is y' = — 2c x sin 21 + 2c 2 cos 21. 
Based on the first condition, y( 0) = 0, we require that c 2 = 0 . In order to satisfy the 
condition y'( 0) = 1, we find that 2c 2 = 1. The constants are c 2 = 0 and c 2 = 1/2 . 
Hence the specific solution is y{t) = \sin2t. 

19. The characteristic equation is r 2 — 2r + 5 = 0, with roots r = 1± 2 i. Hence the 
general solution is y = c^cos 21 + c 2 e t sin 21. Based on the condition, y(n/2) = 0, 
we require that Ci = 0 . It follows that y = c 2 e 1 sin 21 , and so the first derivative is 
y' = c 2 e t sin2t + 2c 2 e t cos2t. In order to satisfy the condition y'iii/2) = 2, we find 
that — 2e 7r/2 c 2 = 2 . Hence we have c 2 = — e -7r/2 . Therefore the specific solution is 
y{t) = — e t_7r/2 sin 21. 
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20. The characteristic equation is r 2 + 1 = 0, with roots r = ± i. Hence the general 

solution is y = Cicos t + c 2 sin t . Its derivative is y' = — Cisin t + c 2 cos t . Based 
on the first condition, y( 7r/3) = 2, we require that c x + y/Sc 2 = 4 . In order to satisfy 
the condition j/' (7 t/ 3) = — 4, we find that — y/3ci + c 2 = — 8 . Solving these for 
the constants, Ci = 1 + 2^3 and c 2 = ^3 2. Hence the specific solution is a steady 

oscillation, given by y(t) = (l + 2\f3)cos t + ( - 2 ) sin t. 

21. FromProb. 15, the general solution is y = Cie~ t/2 cost + c^c^^sint. Invoking 
the first initial condition, y( 0) = 3 , which implies that c\ = 3 . Substituting, it follows 
that y = 3e~^ 2 cos t + c 2 e~ t,2 sin t , and so the first derivative is 

y' = — -e~ t/2 cost — 3 e~ t,2 sint + c 2 e~ t,2 cost — —e~ t/2 sint. 

2 2 

Invoking the initial condition, y'( 0) = 1, we find that — | + c 2 = 1, and so c 2 = |. 
Hence the specific solution is y(t) = 3e~ t/2 cos t + | e~ t/2 sin t. 



24(a). The characteristic equation is 5r 2 + 2r + 7 = 0, with roots r = — |± iy. 
The solution is u = Cie“^ 5 cos + c 2 e - ^ 5 sm . Invoking the given initial 
conditions, we obtain the equations for the coefficients : Ci — 2 , — 2 + y /34 c 2 — 5 . 
That is, Ci = 2 , c 2 = 7/ y/34 . Hence the specific solution is 
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u(t) = 2e tlh cos ^ t + 


/34 


e-V'sin 



(6). Based on the graph of u(t ), T is in the interval 14 < t < 16. A numerical solution 
on that interval yields T tv 14.5115 . 


26(a). The characteristic equation is r 2 + 2a r + (a 2 + 1) = 0 , with roots r = — a ± i . 
Hence the general solution is y(t) = c x e~ at cos t + c 2 e~ at sin t. Based on the initial 
conditions, we find that c x = 1 and c 2 = a . Therefore the specific solution is given by 

y(t ) = e~ at cos t + a e~ at sin t 
= \Jl + a 2 e~ at cos (t — </>), 


in which (j> = tan 1 (a). 


(6). For estimation, note that \y(t)\ < \J\ + a 2 e at . Now consider the inequality 


\/i+ 

T < \ln 


a 2 e~ at 


< 1/10. The inequality holds for t > Hn 10a/1 + 


. Therefore 


10 a/ 1 + a 2 


. Setting a = 1, numerical analysis gives T tv 1.8763 . 


(c) . Similarly, T 1/4 « 7.4284, T 1/2 w 4.3003, T 2 w 1.5116, T 3 w 1.1496 . 

(d) . 


T vals 



page 96 


























CHAPTER 3. 


Note that the estimates T a approach the graph of 


-In 




as a gets large. 


27. Direct calculation gives the result. On the other hand, it was shown in Prob. 3.3.23 
that W(fg,fh) = f 2 W (g , h ). Hence 

W ( e xt cos gt , e xt sin gt) = e 2Xt W(cos gt, sin gt ) 

= e 2Xt [cos gt(sin gt)' — (cos gt)'sin gt] 


28(o). Clearly, y x and y 2 are solutions. Also, W(cost, sint) = cos 2 t + sin 2 t = 1. 

( 6 ). y' = i e lt , y" = i 2 e lt = — e lt . Evidently, y is a solution and so y = Ciy 1 + c 2 y 2 . 

(c). Setting t = 0, 1 = Cicos 0 + c 2 sin 0, and c 1 = 0 . Differentiating, i e lt = c 2 cos t. 
Setting t = 0, i = c 2 cos 0 and hence c 2 = i. Therefore e lt = cos t + i sin t. 

29. Euler's formula is e lt = cos t + i sin t. It follows that e~ lt = cos t — i sin t. 
Adding these equation, e lt + e~ lt = 2 cos t. Subtracting the two equations results in 

e lt — e~ lt = 2 i sint. 


30. Let ri = Ai + igi , and r 2 = A 2 + ig 2 . Then 

expirx + r 2 )t = exp[( A x + A 2 )t + i(g 1 + g 2 )t] 

= e ( ' Xl+x ' 1 ' >t [cos{gi + g 2 )t + i sin{gi + g 2 )t] 

= e^ Al+A2 ^[(cos gf + isin g±t){cos g 2 t + isin g 2 t)\ 
= e Xlt (cos git + isin gf) ■ e x ' 2t (cos gf + isin gf) 

Hence e ^ +r ^ = e r ' 4 e r A 


32. If 4>{t) = u{t) + iv{t) is a solution, then 

(u + iv)" + p(t)(u + iv)' + q(t)(u + iv) = 0 , 

and (u" + iv") + p(t)(u' + iv ') + q{t){u + iv) = 0 . After expanding the equation and 
separating the real and imaginary parts, 

u" + p(t)u + q(t)u = 0 
v" + p(t)v r + q{t)v = 0 

Hence both u(t) and v(t) are solutions. 


34(a). By the chain rule, y(x)' = %x'. In general, 77 = yi ■ 


we 


hnvp = — dx. = jL \ d]L dE\ — 

dt 2 dx dt dx L dx dt J dt 


d 2 y dx 


dx 2 

2. 


dt 


dx 1 
dt ' 


dt dx dt 
dy _d_ |" dxc j dx 


dx dx L dt J dt 

2 rltl 


d I" cte] _ d 2 x dp ' dx_ _ d 2 x _ Q/ [ dx ~\ 2 , dy_ d 2 x 

dx L dt 1 dt dt. 2 dx dt dt 2 - dt 2 dx 2 L dt 1 ' dx dt 2 ' 


Setting ^ = 

. However, 


dy 
dt ’ 
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(6). Substituting the results in Part(a) into the general ODE, y" + p(t)y' + q(t)y = 0 , 
'we find that 


A 

dx 2 


dx 2 
dt 


dy d 2 x 
dx dt 2 


+ p(t) 


dy dx 
dx dt 


+ q(t)y = 0. 


Collecting the terms, 


dx 

2 d 2 y 

dt 

+ 

dx 2 


d 2 x . . dx 


d i + q <t)v = o. 


(c). Assuming [||] 2 = k q(t ), and q(t) > 0 , we find that ^ ^ Jkq(t ), which can 

be integrated. That is, £ = £(f) = / \/kq{t) dt. 


(d). Let k = 1. It follows that ^ = A" + P yA Hence 




d 2 x . . dx 

M +P(t) di 


/ 


dx 

dt 


q'(t) +2p{t)q(t) 


2[q(t)} 


3/2 


As long as dx/dt ^ 0 , the differential equation can be expressed as 


d 2 y 

dx 2 


+ 


q'(t) + 2 p(t)q{t) 


dy , n 

— + y = 0. 
dx 


%(«)+ 

* For the case q(t) < 0, write q(t) = — [ — q(t )], and set [ ( j§] 2 = — q(t). 
36. p{t) = 3 1 and q(t) = t 2 . We have x = Jtdt = t 2 /2 . Furthermore, 


q'{t) + 2p(t)q(t) 


= (1 + 3 t 2 )/t 2 . 


■Am?'- 

The ratio is not constant, and therefore the equation cannot be transformed. 


37. p(t) = t — 1 ft and q(t) = t 2 . We have x = Jtdt = f 2 /2 . Furthermore, 

q'(t) + 2 p(t)q(t) 


The ratio is constant, and therefore the equation can be transformed. From Prob. 35, 
the transformed equation is 


d 2 y 

dx 2 


dy[ 

dx 


+ y = o. 


Based on the methods in this section, the characteristic equation is r 2 + r + 1 = 0, with 
roots r = — 2 • The g enera l solution is 
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y(x) = c-[6 x/2 cos \/3x/2 + c 2 e x/2 sin \/3x/2 . 

Since x = t 2 /2, the solution in the original variable t is 


y(t) = e-* 2 / 4 


CiCOS 


3 r 


+ c 2 sin ( v 3 t 


40. p{t) =4 /t and q(t) = 2/t 2 . We have x = y/2ft 1 dt = \/2lnt. Furthermore, 

g'(*) +2p(t)g(t) = _3_ 

2[,( f )] j ' ! a' 

The ratio is constant, and therefore the equation can be transfonned. In fact, we obtain 

d 2 y , 3 dy _ n 

d^ + ^dx +V ~°- 

Based on the methods in this section, the characteristic equation is \[2 r 2 + 3r + \pl = 0, 
with roots r = — \J~2 , — 1/ y/2". The general solution is 

y(x) = Cie^^ x + c 2 e~ xl ^ 2 . 

Since x = \/2~ In t , the solution in the original variable t is 

y(t) = Cl e~ 2lnt + c 2 e- lnt 
= cjT 2 + c 2 f _1 . 


41. p(f) = 3/f and g(£) = 1.25/t 2 . We have x = y/l.25 ft 1 dt = -^/1.25 Int. 
Checking the feasibility of the transformation, 

g'O) +2p(t)g(t) 

A' 

The ratio is constant, and therefore the equation can be transfonned. In fact, we obtain 

d 2 y _^fy = 
dx 2 dx ^ 


Based on the methods in this section, the characteristic equation is 

\fhr 2 + 4 r + a/ 5~ = 0 , with roots r = — -^r±i-^r . The general solution is 

y{x) = Cie~ 2xly ^cos x/y/b + c 2 e~ 2x/ ^sinx/y/5. 

Since 2 xj\fh = Int , the solution in the original variable t is 
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y(t) = C\e lnt cos(ln\/t^j + c 2 e lnt sin(lny/t 
= t\ciCos(ln •Ji) + c 2 sin (In Vt 


42. p{t) = — 4 jt and q(t ) = — Q/t 2 . Set x = \J 6 ft 1 dt = \/6 lnt. 
Checking the feasibility of the transformation [f see Prob. 34 d, with q < 0), 

~ q'jt) - 2 pjt)qjt) = - 5 
2 l-q(t)} 3/2 y/6 ' 


The ratio is constant, and therefore the equation can be transfonned. In fact, we obtain 


dfy 

dx 2 


-5 dy 
a/6 dx V 


Based on the methods in this section, the characteristic equation is a /(f r 2 — 5 
r — \/6" = 0, 

with roots r = y/6 , — 1 / y/6 . The general solution is 

y{x) = Cl e^ x + c 2 e~ xl ^. 

Since x = \J 6 In t , the solution in the original variable t is 

y{t) = Cl e elnt + c 2 e~ lnt 
= Cit 6 + c 2 t~\ 
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Section 3.5 

2. The characteristic equation is 9r 2 + 6r + 1 = 0, with the double root r = — 1/3 . 
Based on the discussion in this section, the general solution is y(t) = Cie~ t/3 + c 2 t e~ t/3 . 

3. The characteristic equation is 4r 2 — 4r — 3 = 0, with roots r = — 1/2,3/2. The 
general solution is y(t) = Cie~ </2 + c 2 e 3t/2 . 

4. The characteristic equation is 4r 2 + 12r + 9 = 0, with the double root r = — 3/2 . 
Based on the discussion in this section, the general solution is y(t) = (ci + c 2 t)e~ M/2 . 

5. The characteristic equation is r 2 — 2r + 10 = 0, with complex roots r = 1 ± 3i. 

The general solution is y(t) = c^cos 3 1 + c 2 e t sin 3 1. 

6. The characteristic equation is r 2 — 6r + 9 = 0, with the double root r = 3 . The 
general solution is y(t) = Cie 3t + c 2 t e 3t . 

7. The characteristic equation is 4r 2 + 17r + 4 = 0, with roots r = —1/4, —4. 

The general solution is y(t) = + c 2 e _4t . 

8 . The characteristic equation is 16r 2 + 24r + 9 = 0, with the double root r = — 3/4 . 
The general solution is y(t) = Cie _M / 4 + c 2 t e~ 3t / 4 . 

10. The characteristic equation is 2r 2 + 2r + 1 = 0, with complex roots r = — | ± | i. 
The general solution is y(t) = Cie^/ 2 cost/2 + c 2 e~ t l 2 sint/ 2. 

11. The characteristic equation is 9r 2 — 12r + 4 = 0, with the double root r = 2/3 . 

The general solution is y(t) = C]e 2</3 + c 2 t e 2//3 . Invoking the first initial condition, it 
follows that Ci = 2 . Now y'{t) = (4/3 + c 2 )e 2t/3 + 2 c 2 t e 2t/3 /3 . Invoking the second 
initial condition, 4/3 + c 2 = — 1, or c 2 = — 7/3 . Hence y(t) = 2e 2t/3 — ^te 2t/3 . 
Since the second tenn dominates for large t, y(t)~* — oo . 

13. The characteristic equation is 9r 2 + 6r + 82 = 0, with complex roots r = — / ±3 i. 
The general solution is y(t) = Cie^^cos 3 1 + c 2 e - ^ 3 sin 3 1. Based on the first initial 
condition, c, = — 1. Invoking the second initial condition, 1/3 + 3c 2 = 2 , or c 2 = |. 
Hence y(t) = — e~d 3 cos3t + |e _< / 3 sm3t. 
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15(a). The characteristic equation is 4r 2 + 12r + 9 = 0, with the double root r = — 
The general solution is y(t) = c x e 3</2 + c 2 t e 3</2 . Invoking the first initial condition, 
it follows that c x = 1. Now y'(£) = ( — 3/2 + c 2 )e 2t/ 3 — |c 2 t e 2t/3 . The second 
initial condition requires that — 3/2 + c 2 = —4, or c 2 = —5/2. Hence the specific 
solutionis y(t) = e~ 3t/2 — §te~ M/2 . 



(i6). The solution crosses the x-axis at t = 0.4 . 

(c) . The solution has a minimum at the point (16/15 , — 5e _8/5 /3). 

(d) . Given that y '(0) = b , we have — 3/2 + c 2 = b , or c 2 = b + 3/2 . Hence the 
solution is y(f) = e 3 l /2 + (b + /)te :U/2 . Since the second term dominates, the long¬ 
term solution depends on the sign of the coefficient b + |. The critical value is b = — 

16. The characteristic roots are r 1 = r 2 = 1/2 . Hence the general solution is given by 
y(t) = c,e^ 2 + c 2 t e L/2 . Invoking the initial conditions, we require that c x = 2 , and that 
1 + c 2 = b. The specific solution is y(t) = 2e t/2 + (b — 1 )t e t/2 . Since the second term 
dominates, the long-term solution depends on the sign of the coefficient 6-1. The 
critical value is 6 = 1. 
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18(a). The characteristic roots are r, = r 2 = — 2/3 . Therefore the general solution is 
given by y(t) = c,e 2</:l + c 2 t e 24/3 . Invoking the initial conditions, we require that 
Ci = a , and that — 2a/3 + c 2 = — 1. After solving for the coefficients, the specific 
solution is y{t) = ae~ 2t/3 + (y — l)t e~ 2t/3 . 

(6). Since the second term dominates, the long-term solution depends on the sign of the 
coefficient =/ — 1. The critical value is a = 3/2 . 

20(a). The characteristic equation is r 2 + 2ar + a 2 = 0, with double root r = - a. 
Hence one solution is y\{t) = Cie~ at . 

(6). Recall that the Wronskian satisfies the differential equation W' + 2 aW = 0 . The 
solution of this equation is W(t) = c e~ 2at . 

(c). By definition, W = y 1 y 2 — y[ y 2 . Hence Cie~ at y 2 + acie~ at y 2 = c e~ 2at . 

That is, y 2 + ay 2 = c 2 e~ at . This equation is first order linear, with general solution 
y 2 (t) = c 2 te~ at + c 3 e~ at . Setting c 2 = 1 and c 3 = 0 , we obtain y 2 (t) = te~ at . 

22(a). Write ar 2 + br + c = a(r 2 + l jr + . It follows that | = — 2 r 2 and / = r 2 . 

Hence ar 2 + br + c = ar 2 — 2 ar x r + ar 2 = a{r 2 — 2 r 2 r + r 2 ) = a(r — r^ 2 . We 
find that L[e rt ] = (ar 2 + hr + c)e rt = a(r — ri) 2 e ri . Setting r = r u L[e nt ] = 0 . 


(b). Differentiating Eq.(i) with respect to r, 

d 


—L\e rt 1 = ate H (r — r x ) 2 + 2 ae rt (r — rH. 
or 


Now observe that 

d_ 

dr 


1a**} =i 




dt 2 
d 2 ( d 


d ( d 


“de-{dr e ) +t 'dt{dr e ) +C {dr C 
= a ^ (te rt )+b |_ (te r , )+c(te r , ). 


Art 


Hence L[te rt } = ate rt (r — r x ) 2 + 2 ae rt (r — r 2 ). Setting r = r u L[te nt ] = 0 . 

23. Set y 2 (t) = t 2 v(t). Substitution into the ODE results in 

t 2 (t 2 v" + Atv' + 2u) — At (t 2 v' + 2 tv) + 6t 2 v = 0 . 

After collecting terms, we end up with t A v" = 0 . Hence v(t) = c, + c 2 t , and thus 
y 2 (t) = Cit 2 + c 2 t s . Setting c x = 0 and c 2 = 1, we obtain y 2 {t) = t 3 . 


24. Set y 2 (t ) = t v(t). Substitution into the ODE results in 
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t 2 (tv" + 2v') + 2t(tv' + v ) — 2 tv = 0 . 

After collecting terms, we end up with t 3 v" + 4 t 2 v' = 0 . This equation is linear in 
the variable w = v'. It follows that v'{t) = ct~ 4 , and v(t) = c x t~ 3 + c 2 . Thus 
y 2 (t ) = cj-' 2 + c 2 t . Setting c x = 1 and c 2 = 0, we obtain y 2 (t) = A 2 . 

26. Set y 2 (t ) = t v{t ). Substitution into the ODE results in v" — v' = 0 . This ODE 
is linear in the variable w = v'. It follows that v'(t) = c^, and v(t) = Cie f + c 2 . 
Thus y 2 (t ) = Cite 1 + c 2 t . Setting c x = 1 and c 2 = 0 , we obtain y 2 {t) = te t . 

28. Set y 2 {x) = e x v(x ). Substitution into the ODE results in 

77 X — 2 , 
v -\ - v = 0 . 

x — 1 

This ODE is linear in the variable w = v'. An integrating factor is 



x — 1 

Rewrite the equation as [fry] = 0 , from which it follows that v'{x) = c{x — l)e~ x . 
Hence v(x) = c x xe~ x + c 2 and y 2 (x) = c x x + c 2 e x . Setting c 1 = 1 and c 2 = 0, we 
obtain y 2 (x) = x. 

29. Set y 2 (x) = y\{x) v(x ), in which y\(x) = x 1/4 exp(2^/x). It can be verified that 
yi is a solution of the ODE, that is, x 2 y" — (x — 0.1875)j/i = 0 . Substitution of the 
given form of y 2 results in the differential equation 

2x 9/4 v"+(4x 7/4 + x 5/4 )v' = 0. 

This ODE is linear in the variable w = v'. An integrating factor is 

/i = exp^J 2aT 1/2 + — dx^j 
= \fx exp(y4^/x). 

Rewrite the equation as \\/x exp (4 ^Jx) v']' = 0, from which it follows that 

v'{x) = cexp[ — 4^/x) /\fx . 

Integrating, v(x) = Ciexp[ — 4^/x) + c 2 and as a result, 

y 2 {x) = Cix 1/4 exp[ — 2^/x) + c 2 x 1/4 exp(2^/x). 

Setting Ci = 1 and c 2 = 0, we obtain y 2 (x) = x 1/4 exp[ — 2^fx). 
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32. Direct substitution verities that y t (t) = exp( — bx 2 /2) is a solution of the ODE. 
Now set y 2 (x) = y\{x) v{x). Substitution of y 2 into the ODE results in 

v" — bxv' = 0 . 

This ODE is linear in the variable w = v'. An integrating factor is /< = expi - bx 1 /2). 
Rewrite the equation as [ exp( - Sx 2 /2)v']' = 0, from which it follows that 

v'(x) = Ci expibx 2 / 2) . 


Integrating, we obtain 

v{x) = Ci / exp(bu 2 /2)du-\- v{xq). 

Jx 0 


Hence 

px 

y 2 {x) = Ciexp[ — bx 2 /‘i) / exp{bu 2 /2}du + c 2 exp( — &c 2 /2). 

«/ a^o 

Setting c 2 = 0, we obtain a second independent solution. 

34. After writing the ODE in standard form, we have p(t) = 3/t. Based on Abel's 
identity, W (y i: y 2 ) = Ciexp[ — f fdt ) = cd~ 3 . As shown in Prob. 33, two solutions 
of a second order linear equation satisfy 

( 2 / 2 / 2 / 0 ' = W(y!,y 2 )/y 2 . 

In the given problem, y 1 (t) = £ -1 . Hence (t y 2 )' = Cif -1 . Integrating both sides of the 
equation, y 2 (t ) = cd^lnt + c 2 t~ x . 

36. After writing the ODE in standard form, we have p(x) = — x/(x — 1). Based on 
Abel’s identity, W (y u y 2 ) = c exp(f yzydx) = c e x {x — 1). Two solutions of a 
second order linear equation satisfy 

( 2 / 2 / 2 /!)' = W(y u y 2 ) jy\. 

In the given problem, yi(x) = e x . Hence (e~ x y 2 )' = ce~ x (x — 1). Integrating both 
sides of the equation, y 2 (x) = CiX + 026 *. Setting Ci = 1 and c 2 = 0, we obtain 
y 2 {x) = x. 

37. Write the ODE in standard form to find p{x) = \jx. Based on Abel's identity, 
W{yi,y 2 ) = cexp ( ~ I \ dx ) = cx 1 . Two solutions of a second order linear ODE 
satisfy {y 2 /yi)' = W(yi,y 2 )/yl. In the given problem, y x (a;) = x~ ll2 sin x. Hence 
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Integrating both sides of the equation, y 2 {x) = c x x 1/2 cosx + c 2 x 1/2 sin x. Setting 
C\ = l and c 2 = 0, we obtain y 2 {x ) = x~ 1/2 cos x . 


39(a). The characteristic equation is ar 2 + c = 0 . If a,c> 0, then the roots are 
ri j2 = ±iy/cja . The general solution is 


y(t) = CiCOS\ - t + Cosin\ - t , 
V a V a 


which is bounded. 


(6). The characteristic equation is ar 2 + br = 0 . The roots are r li2 = 0, — b/a , 
and hence the general solution is y{t) = c t + c 2 exp{ — bt/a). Clearly, y(t)-*Ci. 

40. Note that cos t sin t = \sin 2 1. So that 1 — k cos t sin t = 1 — |sin 2 1. If 
0 < k < 2, then | sin2t < \sin2t\ and — |sm2f > — \sin2t\. Hence 

k 

1 — k cos t sin t = 1 — —sin 21 

> 1 — | sin 2f | 

> 0 . 


41. p{t) = — 3/t and q(t) = 4 /t 2 . We have x = 2 ft 1 dt = 2lnt , and t = e x / 2 . 
Furthermore, 

+2p(t)q(t) 

214(f)] 1 ' 2 


The ratio is constant, and therefore the equation can be transfonned. In fact, we obtain 


d 2 y 

dx 2 


„ dy 
2 Hx 


+ y = o. 


The general solution of this ODE is y(x) = c x e x + c 2 xe x . In terms of the original 
independent variable, y(t) = Cit 2 + c 2 t 2 Int. 
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Section 3.6 


2. The characteristic equation for the homogeneous problem is r 2 + 2r + 5 = 0 , with 

complex roots r = — 1±2 i . Hence y c (t) = Cie^cos 2 1 + c 2 e _t sm 2 1 . Since the 
function g(t) = 3 sin 2 1 is not proportional to the solutions of the homogeneous equation, 
set Y = A cos 2 1 + B sin 2 1 . Substitution into the given ODE, and comparing the 
coefficients, results in the system of equations 5 — 4 A = 3 and A + 4 B = 0 . Hence 
Y = — 2 1 + fjsin 2 1 . The general solution is y(t) = y c (t) + Y. 

3. The characteristic equation for the homogeneous problem is r 2 — 2r — 3 = 0 , with 
roots r = —1,3. Hence y c (t) = Cie+ c 2 e 3t . Note that the assignment Y = Ate 

is not sufficient to match the coefficients. Try Y = Ate~ l J rBt 2 e~ t . Substitution into 
the differential equation, and comparing the coefficients, results in the system of 
equations —4 A + 2 B = 0 and — 8 B = — 3 . Hence Y = + |t 2 e _f . The 

general 

solution is y(t) = y c (t ) + Y. 


5. The characteristic equation for the homogeneous problem is r 2 + 9 = 0, with 
complex roots r = ±3 i. Hence y c (t) = Cicos 3 1 + c 2 sin 3 1. To simplify the analysis, 
set gi(t) = 6 and g 2 (t) = t 2 e zt . By inspection, we have Y x = 2/3 . Based on the form 
of g 2 , set Y 2 = Ae 3t + Bte M + Ct 2 e 3t . Substitution into the differential equation, and 
comparing the coefficients, results in the system of equations 18A + 6 B + 2 C = 0, 
185 + 12 C = 0, and 18 C = 1. Hence 


Yo = 


:u 


162 


27 + 18 ' 


The general solution is y(t) = y c (t ) + Y x + Y 2 . 


7. The characteristic equation for the homogeneous problem is 2r 2 + 3r + 1 = 0 , with 
roots r = — 1, — 1/2 . Hence y c (t) = c^e - * + c 2 e _t / 2 . To simplify the analysis, 
set gi(t) = t 2 and g 2 (t) = 3 sin t. Based on the fonn of g 1 , set Y 1 = A + Bt + Ci 2 . 
Substitution into the differential equation, and comparing the coefficients, results in the 
system of equations A + 3 B + AC = 0,5 + 6(7 = 0 , and (7 = 1. Hence we obtain 
Y 1 = 14 — 6t + t 2 . On the other hand, set Y 2 = D cos t + E sin t. After substitution 
into the ODE, we find that D = — 9/10 and E = — 3/10 . The general solution is 
y(t) = y c (t) + Yi + Y 2 . 


9. The characteristic equation for the homogeneous problem is r 2 + a; 2 = 0, with 
complex roots r = ±u> 0 i. Hence y c (t) = Cicos co 0 t + c 2 sinuo 0 t. Since cu ^ lv 0 , 
set Y = A cos ut + B sin ut. Substitution into the ODE and comparing the coefficients 
results in the system of equations (<u 2 — J 2 ) A = 1 and (a; 2 — uj 2 )B = 0 . Hence 

Y = - -cos cut. 

Uq — cu z 

The general solution is y(t) = y c (t) + Y. 
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10. From Prob. 9, y c (t) = c. Since cos oof is a solution of the homogeneous problem, 
set Y = At cos oof + Bt sin oo 0 t . Substitution into the given ODE and comparing the 
coefficients results in A = 0 and B = f— . Hence the general solution is 

y(t) = c x cosu)gt + c 2 sinco 0 t + -^sinoo 0 t. 

12. The characteristic equation for the homogeneous problem is r 2 — r — 2 = 0 , with 
roots r = —1,2. Hence y c (t) = c^e - * + c 2 e 2t . Based on the form of the right hand 
side, that is, cosh(2t ) = ( e 2t + e~ 2 *)/2 , set Y = At e 2t + Be~ 2t . Substitution into the 
given ODE and comparing the coefficients results in A = 1/6 and B = 1/8 . Hence the 
general solution is y(t) = Cie _i + c 2 e 2t + t e 2t /6 + e~ 2t /8 . 

14. The characteristic equation for the homogeneous problem is r 2 + 4 = 0, with roots 
r = ± 2i. Hence y c (t) = CiCos 2 1 + c 2 sin 2 1 . Set Y 1 = A + Bt + Ct 2 . Comparing 
the coefficients of the respective terms, we find that A = — 1/8,5 = 0, C = 1/4. 

Now set Y 2 = D e l , and obtain D = 3/5 . Hence the general solution is 

y(t) = CiCos 2 1 + c 2 sin 2t — 1/8 + f 2 /4 + 3 e f /5 . 

Invoking the initial conditions, we require that 19/40 + c 1 = 0 and 3/5 + 2c 2 = 2 . 
Hence c x = — 19/40 and c 2 = 7/10 . 

15. The characteristic equation for the homogeneous problem is r 2 — 2r + 1 = 0 , with 
a double root r = 1. Hence y c (t) = c, e 1 + c 2 te t . Consider (t) = te f . Note that 

g 1 is a solution of the homogeneous problem. Set Y, = At 2 e t + Bt’e 1 (the first term is 
not sufficient for a match). Upon substitution, we obtain Y 1 = t'e 1 /(). By inspection, 

Y 2 = 4 . Hence the general solution is y(t) = + c 2 t e l + t 3 e f /6 + 4 . Invoking the 

initial conditions, we require that c x + 4 = 1 and c x + c 2 = 1. Hence c x = — 3 and 
c 2 = 4. 

17. The characteristic equation for the homogeneous problem is r 2 + 4 = 0, with roots 
r = ±2 i. Hence y c (t) = c x cos 21 + c 2 sin 21. Since the function sin 21 is a solution of 
the homogeneous problem, set Y = At cos 21 + Bt sin 21. Upon substitution, we obtain 
Y = — |f cos 21. Hence the general solution is y(t) = c x cos 21 + c 2 sin 21 — \t cos 21. 
Invoking the initial conditions, we require that c x = 2 and 2c 2 — | = — 1. Hence 

Ci = 2 and c 2 = — 1/8. 

18. The characteristic equation for the homogeneous problem is r 2 + 2r + 5 = 0 , with 

complex roots r = — 1± 2 i. Hence y c (t) = Cie^cos 21 + c 2 e _t sm 2 1. Based on the 
form of g(t), set Y = At e~ l cos 21 + Bt e~ f sin 21. After comparing coefficients, we 
obtain Y = t sin 21. Hence the general solution is 

y(t) = c^^cos 21 + c 2 e~ f sin 21 + t e~ l sin 21. 

Invoking the initial conditions, we require that ci = 1 and — Ci + 2c 2 = 0 . Hence 
c, = 1 and c 2 = 1/2 . 
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20. The characteristic equation for the homogeneous problem is r 2 + 1 = 0, with 
complex roots r = ± i. Hence y c (t ) = Cxcost + c 2 sint. Let g 1 (t) = tsint and 
g 2 (t ) = t. By inspection, it is easy to see that Y 2 {t) = 1. Based on the form of gi{t), 
set Y, (t) = At cos t + Bt sin t + Ct 2 cos t + Dt 2 sin t . Substitution into the equation 
and comparing the coefficients results mA = 0,B = l/4,C = —1/4, and l) = 0 . 
Hence Y(t) = 1 + \t sin t — \t 2 cos t. 


21. The characteristic equation for the homogeneous problem is r 2 — 5r + 6 = 0 , with 
roots r = 2,3. Hence y c (t ) = Cie 2i + c 2 e 3t . Consider g^t) = e 2t (31 + 4)sint, and 
g 2 (t ) = e t cos 2 1. Based on the fonn of these functions on the right hand side of the 
ODE, 

set Y 2 (t) = e t (A 1 cos2t + A 2 sin2t), Y x (t) = ( B 1 + B 2 t)e 2t sint + (C x + C 2 t)e 2t cost. 

Substitution into the equation and comparing the coefficients results in 


Y{t) = — — (etcos 21 + 3 e t sin 2t) + -te 2t (cos t — sin t ) + e 2t (l-cos t — bsin t ). 

Z\j Z \ Zt / 


23. The characteristic roots are r = 2,2. Hence y c (t) = Cie 2t + c 2 te 2t . Consider the 
functions gi(t) = 21 2 , g 2 (t ) = 4 te 2t , and g 3 (t) = t sin 21. The corresponding forms of 
the respective parts of the particular solution are Y x (t) = A 0 + Ait + A 2 t 2 , Y 2 (t) = 

= e 2t (B 2 t 2 + B 3 t 3 ), and Y 3 (t) = t{C\cos2t + C 2 sin2t) + ( D\cos2t + D 2 sin2t). 
Substitution into the equation and comparing the coefficients results in 


Y(t) 


1 2 , r, 1 1 

- (3 + At + 2t 2 ) + -t 3 e 2t + -t cos 2t + — ( cos 21 — sin 21) 


24. The homogeneous solution is y c (t ) = Cicos 2 1 + c 2 sin 21. Since cos 21 and sin 21 
are both solutions of the homogeneous equation, set 

Y ( t ) = t (A 0 + A\t + A 2 y) cos 2t + t (Bq T- B\t + B 2 t 2 ) sin 21. 

Substitution into the equation and comparing the coefficients results in 


Y(t) = ( — t - —t 3 
w 1 32 12 


cos 


2t + — (28 1 + 13 1 2 ) sin 21. 


25. The homogeneous solution is y c (t ) = Cie - * + c 2 te~ 2f . None of the functions on the 
right hand side are solutions of the homogenous equation. In order to include all possible 
combinations of the derivatives, consider Y ( t ) = e*(A 0 + Ait + A 2 t 2 )cos 21 + 

+ e t {B [ ) + Bit + B 2 t 2 )sin2t + e~ t (C 1 cost + C 2 sint ) + De t . Substitution into the 
differential equation and comparing the coefficients results in 


Y(t) = e t (A 0 + Ait + A 2 t 2 )cos 


+ e 


—t 


^ ^cost + ^ sint'j 


21 -\- T" e^ (Bq T- Bit T- B 2 t~)sin 21 T- 
+ 2e t /3, 
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in which A 0 = - 4105/35152 , A 1 = 73/676 , A 2 = - 5/52 ,B 0 = - 1233/35152 , 
B 1 = 10/169, B 2 = 1/52. 

26. The homogeneous solution is y c (t) = Cie^cos 2 1 + c 2 e _t sm 2 1. None of the terms 
on the right hand side are solutions of the homogenous equation. In order to include the 
appropriate combinations of derivatives, consider Y(t) = e~ t {A\t + A 2 t 2 )cos 2 1 + 

+ e~ l (B\t + B 2 t 2 )sin 2 1 + e~ 2t (Co + C\t)cos 2 1 + e~ 2t (Do + D\t)sin 2 1. 
Substitution into the differential equation and comparing the coefficients results in 

Y(t) = ^-te^cos 2 1 + 2 1 — ^-e _a (7 + 10£)cos 2 1 + 

16 8 25 

+ -^-e~ 2f (1 + 5 t)sin 2 1. 

Zu 

27. The homogeneous solution is y c (t) = c^os A t + c 2 sin A t. Since the differential 
operator does not contain a first derivative (and A fi mn), we can set 

N 

Y(t) = C m sin rnnt. 

m =1 


Substitution into the ODE yields 


N 


N 


N 


— 'y^/n 2 ir 2 C m sin mnt + A 2 ^^C m sin mnt = a m sin mirt. 

m =1 m=l m=l 

Equating coefficients of the individual tenns, we obtain 

Q"m. 


C m = 


A 2 — m 2 7T 2 


m = 1,2 ■■■ N. 


29. The homogeneous solution is y c (t) = Cie^cos 2 1 + c 2 e“ f sin 2 1. The input function 
is independent of the homogeneous solutions, on any interval. Since the right hand side 
is 

piecewise constant, it follows by inspection that 

fi/5, 0<i<7r/2 

1 ' ~ \ 0 , t > jt/2 

For 0 < t < 7t/ 2 , the general solution is y(t) = Cie^cos 2 1 + c 2 e~ t sin2t + 1/5 . 
Invoking the initial conditions y{ 0) = ?/(()) = 0, we require that c, = — 1/5 , and that 
c 2 = — 1/10 . Hence 

y(t) = - — — (2 e~ l cos 2 1 + e^sin 2 1) 

on the interval 0 < t < n/2 . We now have the values y( 7r/2) = (l + e _7r / 2 ) /5 , and 
y'{ 7r/2) = 0 . For t > 7r/2 , the general solution is y(t) = die^cos 21 + d 2 e~ t sin2t. 

It follows that y(n/2) = — e~ n ^ 2 d 1 and y'(n/2) = e~ n / 2 di — 2e~ n / 2 d 2 . Since the 
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solution is continuously differentiable, we require that 

-e-^d, = (l + e -7r / 2 ) /5 
e~ w/2 di - 2 e~ n/2 d 2 = 0 . 

Solving for the coefficients, d x = 2 d 2 = — (e 71 "/ 2 + l)/5 . 



31. Since a , b, c > 0, the roots of the characteristic equation has negative real parts. 
That is, r = a±/3 i , where a < 0 . Hence the homogeneous solution is 

y c (t) = Cie at cos j3t + c 2 e at sin (3t. 

If g(t) = d , then the general solution is 

y(t) = d/c + Cie at cos (3t + c 2 e at sin f3t. 

Since a < 0, y(t) -*d/c ast-»oo. If c = 0, then that characteristic roots are r = 0 and 
r = —b/a. The ODE becomes ay" + by' = d . Integrating both sides, we find that 
ay' + by = d t + Ci. The general solution can be expressed as 

y{t) = dt/b + c x + c 2 e~ bt/a . 

In this case, the solution grows without bound. If b = 0, also, then the differential 
equation 

can be written as y" = d/a, which has general solution y(t) = dt 2 /2a + c± + c 2 . 
Hence the assertion is true only if the coefficients are positive. 

32(a). Since D is a linear operator, 

D 2 y + bDy + cy = D 2 y - (r x + r 2 )Dy + r x r 2 y 
= D 2 y - r 2 Dy - r x Dy + r x r 2 y 
= D[Dy - r 2 y) - r x (Dy - r 2 y ) 

= (D - ri)(D - r 2 )y. 


( b ). Let u = (D — r 2 )y . Then the ODE (z) can be written as (D — r/)u = g(t ), that is, 
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u' — r i u = The latter is a linear first order equation in u . Its general solution is 


u(t) = e nt / e~ nT g(r)dr + Cl e nt . 

Jto 

From above, we have y' — r 2 y = u(t). This equation is also a first order ODE. Hence 
the general solution of the original second order equation is 

y(t) = e rit f e~ r2T u(r)dT + c 2 e r2t . 

Jt 0 

Note that the solution y(t) contains two arbitrary constants. 

34. Note that (2D 2 + 3D + l)y = (2D + 1)(D + 1 )y . Let u = (D + l)y , and solve 
the ODE 2u r + u = t 2 + 3 sin t . This equation is a linear first order ODE, with solution 


u(t) = e 


= / e r/2 


't 0 


t 2 /2 + ^ sin r 


\dr + ce t ^ 2 

r t/2 . 

Now consider the ODE y' + y = u(t ). The general solution of this first order ODE is 


, „ 0 6 3 

= t — At + 8- cos t H —smt + ce 

5 5 


y(t) = e f e T u(r)dr + c 2 e , 


'to 


in which u(t) is given above. Substituting for u(t) and performing the integration, 

9 3 

y(t) = t 2 — Qt + 14 — Yq cos ^ ~ Cl6 ~ f 2 C2e ~ f ' 


35. We have (D 2 + 2D + 1 )y = (D + l)(D + 1 )y . Let u = (D + 1 )y , and consider 
the ODE u' + u = 2e _ *. The general solution is u(t) = 2 1 e~ f + c e~ l . We therefore 
have the first order equation u' + u = 2t e~ l + c,e _/ . The general solution of the latter 
differential equation is 

y(t) = e~ f f [2r + Ci ]dr + c 2 e~ f 

Jto 

= e~ f (t 2 + cd + c 2 ). 


36. We have (D 2 + 2 D)y = D(D + 2 )y . Let u = (D + 2)y , and consider the equation 
u' = 3 + 4 sin 21. Direct integration results in u(t) =3 1 — 2cos 2t + c . The problem 
is reduced to solving the ODE y' + 2y = 3t — 2cos 2 t + c. The general solution of this 
first order differential equation is 
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y(t) = e 


2t ( e 2r [3r — 2cos2t + c]dr + c 2 e 2f 

Jto 


3 1 

= -t — - (cos 2 1 + sin 2 1) + Ci + c 2 e~ 2t . 

Zj Zj 
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Section 3.7 


1. The solution of the homogeneous equation is yft) = c,e 2/ + c 2 e :u . The functions 
yft) = e 2/ and y 2 (t) = e 3/ form a fundamental set of solutions. The Wronskian of 
these functions is W (;y,. y 2 ) = e 5t . Using the method of variation of parameters, the 
particular solution is given by Y (t) = uft ) yft) + uft) yft), in which 


uft) 



e 32 (2e*) 

w 


dt 


uft) 


,2 1 


(2e*) 


fU(t) 


dt 


= — e 


-2f 


Hence the particular solution is U(t) = 2e 2 — e t = e f . 


3. The solution of the homogeneous equation is y c (t) = Cje - * + c 2 te _i . The functions 
yft) = e~ f and y 2 (t) = te -2 fonn a fundamental set of solutions. The Wronskian of 
these functions is W (y t: y 2 ) = e~ 2t . Using the method of variation of parameters, the 
particular solution is given by Y (t) = uft ) yft) + u 2 (t) y 2 (t), in which 


uft) 


fte-fZe- 1 ) 

J Wit) 


dt 


3t 2 / 2 


uft) 


fe-f 3e"*) 

J W{t) 


dt 


3 1 


Hence the particular solution is Yf) = — 3 t 2 e 2 /2 + 3 t 2 e t = 3 t 2 e */2 . 


4. The functions yft) = e ///2 and yft) = t,ef 12 fonn a fundamental set of solutions. 

The Wronskian of these functions is W (;y,. y 2 ) = e l . First write the equation in standard 
form, so that (ft) = 4e /,/2 . Using the method of variation ofparameters, the particular 
solution is given by Y{t) = uft) yft) + uft) yft), in which 


uft) 


r tf/ 2 iff/ 2 ) 

J wf) 


dt 


- 2 1 2 
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u 2 (t) = J 

= At 


*t/2 


( 4e C 2 ) 


W{t) 


dt 


Hence the particular solution is Y(t) = — 2 1 2 e t/2 + At 2 e t/2 = 2t 2 e t/2 _ 


6. The solution of the homogeneous equation is y c (t) = Cicos 3 1 + c 2 sin 3 1. The two 
functions y\{t) = cos 3 1 and y 2 (t) = sin 3 1 fonn a fundamental set of solutions, with 
W(yi,y 2 ) = 3. The particular solution is given by Y (t) = Ui(t)yi(t) + u 2 (t) y 2 (t), in 
which 


Ul(t) 


' sin 3t(9 sec 2 3t) 


W(t ) 


dt 


— esc 3 1 


u 2 (t) 


r cos 3f(9 sec 2 3t) 

J W{t)) 

/n|sec 3 1 + tan 3t\ 


dt 


Hence the particular solution is Y(t) = — 1 + (sin 3t)ln\sec 31 + tan 3t\. The general 
solution is given by y(t) = Cicos 31 + c 2 sin 31 + (sin 3t)ln\sec 31 + tan 3t\ — 1. 


7. The functions y t (t) = e~ 2t and y 2 (t) = te~ 2t form a fundamental set of solutions. 
The Wronskian of these functions is W (y ll y 2 ) = e _4 f The particular solution is given 
byH(t) = ui(t) 2/1 (i) +u 2 (t)y 2 (t), in which 


Ui(t) 


f te 2t (t 2 e 2t ) 

" J vm ,// 

— In t 


u 2 (t ) 



dt 


-1 It 


Hence the particular solution is Y(t) = — e~ 2f ln t — e~ 2f . Since the second term is a 
solution of the homogeneous equation, the general solution is given by y(t) = Cie~ 2t + 
+ c 2 te~ 2t — e~ 2t lnt. 


8. The solution of the homogeneous equation is y c (t) = Cicos 2 1 + c 2 sin 2 1 . The two 
functions y\(t) = cos 2 1 and y 2 (t) = sin 2 1 fonn a fundamental set of solutions, with 
Wlyi^o) = 2. The particular solution is given by Y (t) = Ui(t)yi(t) + u 2 (t) y 2 (t), in 
which 
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Ui(t) 


' sin 2£(3 esc 21) 


W(t ) 


dt 


— 3£/2 


u 2 (t ) = 


' cos 2£(3 esc 2 1) 

mi) 


dt 


-Inlsin 2t\ 
4 


Hence the particular solution is Y(t) = — §tcos 21 + | (sin 3t)ln\sin 2t\. The general 
solutionis given by y(t) = c ± cos2t + c 2 sin2t — § tcos2t + \{sin3t)ln\sin2t\. 


9. The functions th(t) = cos{t/2) and y 2 (t) = szn(t/ 2) form a fundamental set of 
solutions. The Wronskian of these functions is W (j/i, y 2 ) = 1/2 . First write the ODE 
in standard fonn, so that g(t ) = sec(t/2)/2. The particular solution is given by 
Y(t) = u 1 (t)y 1 (t) + u 2 (t)y 2 (t), in which 


Ui(t) 


f cos (f/2)[sec(f/2)] 

“ J 2 W(t) 

2 ln[cos (t/ 2)] 


dt 


u 2 (t ) = 


' sm(£/2)[sec(£/2)] 
2W (t) 


dt 


= t 


The particular solution is Y (£) = 2cos(t/2)ln[cos (£/2)] + t sin(t/ 2). The general 
solution is given by 

j/(£) = Cicos (£/2) + c 2 sin(t/ 2) + 2 cos(t/ 2) Zn[cos (£/2)] + £ sin(t/ 2). 


10. The solution of the homogeneous equation is y c (£) = Cie t + c 2 £e t . The functions 
yi(£) = e' and y 2 (t) = £e ; fonn a fundamental set of solutions, with fF(y l5 y 2 ) = e 2< . 
The particular solution is given by Y(£) = u^t) y, (£) + u 2 (£) y 2 (£), in which 


Ui(£) 


f—^—dt 
J W(t)(l + ti) 

\lri(l + t 2 ) 


u 2 (t ) = 


e t (e t ) 


W (£)(1 + £ 2 ) 
= arctan t 


dt 


The particular solution is Y(t) = — \e L ln{ 1 + 1 1 ) + £e t arctanit). Hence the general 
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solution is given by y(t) = + c 2 te t — l nil + 1 2 ) + teJ arctanf). 

12. The functions yi(t) = cos 2 1 and y 2 (t ) = sin 2 1 form a fundamental set of 
solutions, with W(y ll y 2 ) = 2. The particular solution is given by Y(t) = uft) 
yi{t) + u 2 (t ) r/ 2 (f), 
in which 

1 f L 

Ui(t) = — - / g(s) sin2s ds 


u 2 (t) = - j g(s) cos2s ds 

Hence the particular solution is 

If* 1 [ f 

Y(t) = — -cos2t g(s) sin2s ds + -sin2t g(s)cos2sds. 

Note that sin 21 cos 2s — cos 21 sin 2s = sin(2t — 2s). It follows that 


Y (£) = - / g{s)sin(2t — 2s)ds . 


The general solution of the differential equation is given by 

1 [' 

y(t ) = CiCos 2 1 + c 2 sin 2t + - g(s)sin(2t — 2 s)ds . 


13. Note first that p(t) = 0 ,q(t) = — 2/t 2 and g{t) = (3 1 2 — 1 )/t 2 . The functions 
yi(t) and y 2 {t) are solutions of the homogeneous equation, verified by substitution. The 
Wronskian of these two functions is W(y 1 ,y 2 ) = — 3 . Using the method of variation of 
parameters, the particular solution is Y if) = lift) yft) + u 2 (t) y 2 f), in which 


uft) 


r t-f3t 2 - 1) 

~ J t 2 w{t) 

t~ 2 / 6 + Int 


dt 


u 2 {t) 


r t 2 (3t 2 - 1 ) 
“7 t 2 wf 
= -t 3 /3 + t/3 


dt 


Therefore Y(t) = 1/6 + t 2 lnt — t 2 /3 + 1/3 . Hence the general solution is 

yf) = cf 2 + c 2 t~ l + t 2 lnt + 1/2 . 
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15. Observe that g(t) = t e 2t . The functions y t it) and yft) are a fundamental set of 
solutions. The Wronskian of these two functions is Wiyi,y 2 ) = t eh Using the method 
of variation ofparameters, the particular solution is Y (t) = uft) y, (t) + lift) yft), 
in which 


uft) 



e t (f e 2t ) 

W(t) 


dt 



Therefore Y(t) 


uft) = 


(1 + t){te 2t ) 

W{t) 


dt 


= tef 

(1 + t)e 2t / 2 + t e 2t = - e 2t /2 + t e 2t /2 . 


16. Observe that g(t) = 2(1 — t) e~ f . Direct substitution of yft) = ef and yft) = t 
verifies that they are solutions of the homogeneous equation. The Wronskian of the two 
solutions is W = (T — t ) e 1 . Using the method of variation of parameters, the 

particular solution is Y (t) = uft) yft) + u 2 {t) yft), in which 


uft) = - 


2f(l — t)e 


—t 


= te 2t + e 


Wf) 

~ 2t /2 


-dt 


uft) 


f 2(1 — t) 

J Wf) 


dt 


-2e~ l 


Therefore Y(t) = te 1 + e */2 — 2 te t = — te 1 + e */2 . 


17. Note that g{x) = In x . The functions yfx) = x 2 and yfx) = x 2 lnx are solutions 
of the homogeneous equation, as verified by substitution. The Wronskian of the solutions 
is Wiyi,y 2 ) = x 3 . Using the method of variation of parameters, the particular solution is 

Y{x) = ufx) yfx) + u fx) yfx), 


in which 


ufx) = — 


x 2 lnxilnx) 

W(x) 


dx 


= — ilnxy / 3 


page 118 




CHAPTER 3. 


Therefore Y{x) 


ufx) = 


x 2 (lnx) 


dx 


W(x) 

= (Inx) 2 / 2 

— x 2 {lnx) 3 /3 + x 2 {lnx) 3 /2 = x 2 (lnx ) 3 /6 . 


19. First write the equation in standard form. Note that the forcing function becomes 
g{x)/{ 1 - x). The functions yfx) = e x and yfx) = x are a fundamental set of 
solutions, 

as verified by substitution. The Wronskian of the solutions is W (y, ,y 2 ) = (1 — x)e x . 
Using the method of variation of parameters, the particular solution is 

Y(x) = ufx) yfx ) + u 2 (x) y 2 (x), 


in which 


ufx) 



r(g{r)) 

(1 - t)W(t) 


dr 


ufx ) 



eT ^(r)) d 
(1 -t)W(t) 


Therefore 


Y(x) 


T(g{r)) 


J (1 — r)W (t) 

(. xe T — e x r)g(r) 


dr + x 


(1 — rye 1 


dr. 


eT ^(r)) d 

(1 — r)TF(r) 


20. First write the equation in standard form. The forcing function becomes g(x)/x 2 . 
The functions yfx) = x~ 1/2 sin x and yfx) = x~ l/2 cos x are a fundamental set of 
solutions. The Wronskian of the solutions is W (yi,y 2 ) = — l/x. Using the method 
of variation of parameters, the particular solution is 

Y(x) = ufx) yfx) + ufx) yfx), 


in which 


ufx) 


ufx) 


cosr(g(r)) 

r^fr 

E sinr(g(r)) ^ 
r^fr 


Therefore 
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Y(x) 


sinx f x cosr (g(r)) cosx f x sinr (g(r)) 


T\/T 


dr 


T\/T 


1 f x sin(x - t) g(r) ^_ 

\]~X J T a / t " 


21. Let y x (t) and y 2 (t) be a fundamental set of solutions, and W(t) = W (y 1 , y 2 ) be the 
corresponding Wronskian. Any solution, u(t), of the homogeneous equation is a linear 
combination u(t) = rr,y, (t) + a 2 y 2 (t). Invoking the initial conditions, we require that 

Vo = OiiVi(U) + a 2 y 2 (t 0 ) 

Vo = oi X y[{to) + a 2 y 2 (t 0 ) 


Note that this system of equations has a unique solution, since W(t 0 ) 7 ^ 0. Now consider 
the nonhomogeneous problem, L[v\ = g(t ) ,with homogeneous initial conditions. Using 
the method of variation of parameters, the particular solution is given by 


Y(t) 



Vijs) g(s ) 
W(s) 


ds + y 2 (t ) / 
Jt 0 


yi(s) g(s) 
W(s) 


ds. 


The general solution of the I VP (in) is 

v(t) = PiViit) + (d 2 y 2 (t) +Y(t) 

= PiVi (t) + P 2 y 2 (t) + y\ (t)ui(t) + y 2 (t)u 2 (t) 


in which Ui and u 2 are defined above. Invoking the initial conditions, we require that 

0 = Piyx(t 0 ) + p 2 y 2 (t 0 ) + Y (t 0 ) 

0 = Pxyl(to) + p 2 yl(t 0 ) + Y' (to) 

Based on the definition of u\ and u 2 , Y ( t 0 ) = 0 . Furthennore, since y t u( + y 2 u' 2 = 0 , 
it follows that Y'(t 0 ) = 0 . Hence the only solution of the above system of equations is 
the trivial solution. Therefore v(t) = Y(t). Now consider the function y = u+v. Then 
L[y\ = L[u + v] = L[u] + L[v\ = g(t). That is, y(t) is a solution of the 
nonhomogeneous 

problem. Further, y(to) = u(to) + v(to) = yo , and similarly, y'(to) = y^ . By the 
uniqueness theorems, y(t) is the unique solution of the initial value problem. 


23. A fundamental set of solutions is y 2 (t) = cost and y 2 (t) = sint. The Wronskian 
W ( t ) = 2 / 12/2 — y[y 2 = 1. By the result in Prob. 22, 


Y(t) 


cos(s) szn(t) — cos(t) sin(s) 
FF(s) 


g(s)ds 


cos(s) sin(t) — cos(t) sin(s)]g(s)ds . 


Finally, we have cos(s) sin(t) — cos(t) sin(s) = sin(t — s). 
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24. A fundamental set of solutions is yi(t) = e at and y 2 {t) = e bt . The Wronskian 
W ( t ) = DiU^ — y[y 2 = {b — a)exp[(a + b)t ]. By the result in Prob. 22, 


Y(t) = 


rt gasgfct 


gatgfes 


W(s) 


g(s)ds 


1 f L e as e bt 


^at^bs 


b-aj t exp[(a + b)s} 


g(s)ds 


Hence the particular solution is 

Y(t) = — f \e b{t ~ s) - e a{t ~ s) ]g{s)ds . 
b-aJ to L 


26. A fundamental set of solutions is yi(t) = e at and y 2 (t ) = te at . The Wronskian 
W ( t ) = ypy' 2 — y[y 2 = e 2at . By the result in Prob. 22, 


Y(t) = 


rt gasg6t 


gatg&s 


W(s) 


g(s)ds 


1 f L e as e bt 


e at e bs 


b ~ a J t exp[(a + b)s} 


g(s)ds 


Hence the particular solution is 

Y(t) = —f \e b{t ~ s) - e a{t ~ s) ]g{s)ds . 

b — a J to 


26. A fundamental set of solutions is yi(t) = e at and y 2 (t) = te at . The Wronskian 
W ( t ) = ypy^ — y[y 2 = e 2at . By the result in Prob. 22, 


Y(t) = 


g(s)ds 


rt j-^as+at _ g g at+as 

rt (t - s)e as+at . , , 
- Ylas - 9(s)ds. 


L 0 


Hence the particular solution is 

Y(t)= f\t- s)e a{t ~ s) g{s)ds. 

J to 


27. Depending on the values of a, b and c, the operator aD 2 + bD + c can have three 
types of fundamental solutions. 

(i) The characteristic roots r^ 2 = a, (3; a ^ f3. y\{t) = e at and y 2 {t) = e f3t . 
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(■ ii ) The characteristic roots r u = a, f3 ; a = j3. yft) = e at and y 2 (t) = . 

K(t) = te at . 


(Hi) The characteristic roots r ia = A± i y . yi(f) = e xt cos fit and y 2 (t) = e xt sin yt. 

K(t ) = —e Xt sin yt. 

V 


28. Let y(£) = v(t)yi(t), in which y, (t) is a solution of the homogeneous equation. 
Substitution into the given ODE results in 

v"yi + 2 v'y[ + vy" + + uy/] + q(t)vy 2 = g(t ). 

By assumption, y" + p(t)yi + q(t)y\ = 0, hence v(t) must be a solution of the ODE 

v"yi + [ 2 y[ + p(t)yi]v' = g(t). 

Setting w = v', we also have w'y x + [2y/ + p(t)yi]w = g(t ). 

30. First write the equation as y" + 7 t~ l y + 5A 2 y = A 1 . As shown in Prob. 28, the 
function y(t) = t^v(t) is a solution of the given ODE as long as v is a solution of 

r V' + [ - 2 r 2 + 7r V = r 1 , 

that is, v" + 5t 1 v' = 1. This ODE is linear and first order in A. The integrating 
factor is y = t 5 . The solution is v' = t /6 + c A 5 . Direct integration now results in 
v(t) = t 2 /12 + cf ~ 4 + c 2 . Hence y(f) = f/12 + c 2 t~ 5 + c 2 f _1 . 

31. Write the equation as y" — £ _1 (1 + f)y + A 1 y = t e 2 f As shown in Prob. 28, the 
function y(f) = (1 + t)v(t) is a solution of the given ODE as long as v is a solution of 

(l + t)v"+ [2 -rfl + t) 2 ]v' = te 2t , 

that is, v" — jnyfs v' = ^|-j-e 2 f This equation is first order linear in v', with integrating 

factor y = t~ 1 ( 1+ t) 2 e~ f . The solution is v' = (t 2 e 2t + Cife*)/(1 + t) 2 . Integrating, 
we obtain v(t) = e 2t /2 — e 2 */(f + 1) + eye*/ (t + 1) + c 2 . Hence the solution of the 
original ODE is y(t) = (t — l)e 2t /2 + eye* + eft + 1). 

32. Write the equation as y" + t(l — tf 1 y — (1 — tf 1 y = 2(1 — t) The function 
y(t) = e t v(t) is a solution to the given ODE as long as v is a solution of 


page 122 





CHAPTER 3. 


e t v" + [2e* + t{ 1 — £) 1 e f ]u ' = 2(1 — t) e f , 

that is, v" + [(2 — f)/(l — t)\v' = 2(1 — t) e~ 2t . This equation is first order linear in 
v', with integrating factor /i = e f / (t — 1). The solution is 

v' = (t — 1 ) ( 2 e -2< + Cie _f ). 

Integrating, we obtain v(t) = (1/2 — t)e~ 2t — cfe^ + c 2 . Hence the solution of the 
original ODE is y(t ) = (1/2 — £)e _f — c x t + c 2 ef 

Section 3.8 

1. Rcos 8 = 3 and Rsinfi = 4 R = = 5 and <5 = arcton(4/3). Hence 

u = 5 cos(2t — 0.9273). 

3. f?cos <5 = 4 and Rsin <5 = — 2 R = = 2and <5 = — arctan( 1/2). 

Hence 

u = 2 a/5" cos(3t + 0.4636). 


4. f?cos <5 = — 2 and f?sm<5 = — 3 R = \f\3 and <5 = 7 r + arctan( 3/2). 
Hence 

u = \/Y3cos(7vt — 4.1244). 


5. The spring constant is k = 2/(1/2) = 4 Ib/ft. Mass to = 2/32 = 1/16 lb-s 2 /ft. 
Since there is no damping, the equation of motion is 

—u" + Au = 0 , 

16 

that is, u" + 64u = 0 . The initial conditions are u(0) = 1/4 ft, 'u'(O) = 0 fps . The 
general solution is u(t) = A cos 81 + B sin 81. Invoking the initial conditions, we have 
u{t) = | cos 8 1. R = 3 inches, <5 = 0 rad, (u 0 = 8 rad/s , and T = ir/4 sec . 

7. The spring constant is k = 3/(1/4) = 12 lb/ft. Mass to = 3/32 lbs 2 /ft. Since 
there is no damping, the equation of motion is 

+ 12 u = 0 , 

that is, u" + 128w = 0 . The initial conditions are w(0) = —1/12 ft, u'( 0) = 2 fps . 
The general solution is u(t ) = A cos 8\/~2t + B sin 8\/~2t. Invoking the initial 
conditions, we have 
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u 


(t)= - cos8\/2t-\ - i=sin8\/~2t. 

12 4a/2 


R = \/ll/12 ft , <5 = 7 r — atan(z/ rad , u ; 0 = 8-\/2~ rad/s, and T = it/ sec. 


10. The spring constant is k = 16/(1/4) = 64 Ib/ft . Mass m = 1/2 lb-s 2 /ft. The 
damping coefficient is 7 = 2 Ib-sec/ft . Hence the equation of motion is 

^u" + 2 u + 64u = 0, 

At 


that is, u" + Au' + 128-u = 0 . The initial conditions are u(0) = 0 ft, 'u'(O) = 1/4 fps. 
The general solution is u(t) = A cos2\f?>Yt + B sin2\/A\t. Invoking the initial 
conditions, we have 


u(t) 


8a/31 


e 2t sin2\/31t. 



Solving u(t) = 0, on the interval [0.2,0.4], we obtain t = tt/2\/a\ = 0.2821 sec. 
Based on the graph, and the solution of u(t ) = 0.01, we have | u(t) \ < 0.01 for 
t > r = 0.2145. 

11. The spring constant isfc = 3/(.l) = 30 N/m . The damping coefficient is given as 
7 = 3/5 N-sec/m . Hence the equation of motion is 

3 

2 u" A — u + 30w = 0 , 

5 

that is, u" + 0.3 u' + 15 u = 0 . The initial conditions are u(0) = 0.05 m and 
u'( 0) = 0.01 m/s . The general solution is u(t) = A cos /j,t + B sin fit , in which 
fi = 3.87008 rad/s . Invoking the initial conditions, we have 

u(t) = e^° 15t (0.05cos fit + 0.00452sm fit). 

Also, n/u 0 = 3.87008/-\/l5 w 0.99925 . 
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13. The frequency of the undamped motion is u> 0 = 1 . The quasi frequency of the 
damped 

motion is p = \ >/4 — y 2 . Setting p = |£u 0 , we obtain 7 = |\fb . 

14. The spring constant is k = mg/L . The equation of motion for an undamped system 
is 

„ , m 9 n 
mu H—— u = 0 . 

jL/ 

Hence the natural frequency of the system is u> 0 = p/ . The period is T = 2% /ca 0 . 

15. The general solution of the system is u(t) = A cos 7 (t — t 0 ) + B sin 7 (t — t 0 ). 
Invoking the initial conditions, we have u(t) = u 0 cos^(t — t 0 ) + {u' Q /^)sin^{t — t 0 ). 
Clearly, the functions v = u 0 cos^(t — t 0 ) and w = {u//^)sin^(t — t 0 ) satisfy the given 
criteria. 

16. Note that r sin( u 0 t — 9) = r sinu 0 t cos 9 — r cosu: 0 t sin9 . Comparing the given 
expressions, we have A = — r sin 9 and B = r cos 9 . That is, r = R = A 2 + B 2 , 
and tan 9 = — A/B = — 1/tan b . The latter relation is also tan 9 + cot 8=1. 

18. The system is critically damped, when R = 2 yjL/C . Here R = 1000 ohms . 

21(a). Let u = Re~ lt ^ 2m cos(pt — 8). Then attains a maximum when pt k — 8 = 2kx. 
Hence T d = t k+1 - t k = 2ir/p,. 

( b ) . u(t k )/u(t k+ 1) = exp{ - yt k /2m)/exp{ - yt k+1 /2m) = exp[(yt k+ i - yt k )/2m\. 

Hence u(t k )/u(t k+ 1) = exp[y(2n/p)/2m\ = exp(p/T ( j/2m). 

(c) . A = ln[u(t k )/u(t k+ 1 )] = 7(27t//x)/2 m = ir'y/pm. 

22. The spring constant is k = 16/(1/4) = 64 Ib/ft. Mass m = 1/2 lb-s 2 /ft. The 
damping coefficient is 7 = 2 Ib-sec/ft. The quasi frequency is /< = 2 \fi\\ rad/s . 

Hence A = -7^ « 1.1285. 

v31 

25(a). The solution of the IVP is u(t) = e _t//8 ^2 cos | \fl t + 0.252sm | a/ 7 t'J . 
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Using the plot, and numerical analysis, r « 41.715 . 

(b) . For 7 = 0.5, r ~ 20.402 ; for 7= 1.0, r« 9.168; for 7= 1.5, 7.184. 

(c) . 

❖ 

40 - 

35 : 

30 - 

25 - 

20 - ♦ 

15 - 

10 ' 


(d). For 7 = 1.6, r ~ 7.218 ; for 7 = 1.7, r « 6.767; for 7 = 1.8, r « 5.473 ; 
for 7 = 1.9, t « 6.460 . r steadily decreases to about T min ~ 4.873, corresponding to 
the critical value 70 ~ 1.73 . 


(e). We have tt(f) = ^ 4 _^~ cos(fj,t — 8 ), in which = 4 y/4 — 7 2 , and 
<5 = . Hence \u(t)\ < 0= . 


26 (a). The characteristic equation is mr 2 + 7r + k = 0 . Since 7 2 < 4km , the roots 
are r 12 = — 1 . The general solution is 


u{t) = e~^ 2m 


yj 4 mk - 7 2 . ~ 7 2 , 

A cos- ---r + B sin —— - 1 


2 m 


2m 


Invoking the initial conditions, A = u 0 and 

B = (2mu 0 - 7u 0 ) 
yj 4 mk — 7 2 
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( 6 ). We can write u{t) = Re ll l 2m cos{jit — 6) , in which 


R = 



( 2 mv 0 - 7 n 0 ) 2 
4 mk — 7 2 


and 


6 = arctan 


( 2 mv 0 - 7 tt 0 ) 
u 0 y/4mk — 7 2 


(c). i? = i/ug + 


(2mv 0 —'yu 0 )~ 


4mk — 7 2 


= 2 


m(fcrto+7tt 0 'i;o+mi)o) 
4mk— 7 2 


g+&7 

4mfc— 7 2 


It is evident that A increases ( monotonically ) without bound as 7 -► 



28(a). The general solution is u(t) = Acos \/2t + Bsin \[21 . Invoking the initial 
conditions, we have u{t) = \/~2 sin sRt. 

(/>)■ 




The condition 'u'(O) = 2 implies that u(t) initially increases. Hence the phase point 
travels clockwise. 


page 127 




























CHAPTER 3. 


29. u(t) = ^e-^sin . 



31. Based on Newton's second law, with the positive direction to the right, 


V F = mu" 


where 


= — ku — 7 u'. 

Hence the equation of motion is mu" + 'yu' + ku = 0 . The only difference in this 
problem is that the equilibrium position is located at the unstretched configuration of 
the spring. 

32(a). The restoring force exerted by the spring is F s = — (ku + eu 3 ). The opposing 
viscous force is Fd = — 7 u'. Based on Newton’s second law, with the positive direction 
to the right, 

F s + F d = mu". 

Hence the equation of motion is mu" + 7 u' + ku + eu 3 = 0 . 

( 6 ). With the specified parameter values, the equation of motion is u" + u = 0 . The 
general solution of this ODE is u(t) = A cos t + B sin t. Invoking the initial 
conditions, 

the specific solution is u(t) = sint. Clearly, the amplitude is R = 1, and the period of 
the motion is T = 2tv . 

(c). Given e = 0.1, the equation of motion isu" + u + 0.1u 3 = 0. A solution of the 
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IVP can be generated numerically: 



(d). 



(e). The amplitude and period both seem to decrease. 
(/)• 
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e P s= -°- 2 eps=-0.3 
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Section 3.9 


2. We have sin(a±/3) = sin a cos (3 ± cos a sin (3 . Subtracting the two identities, we 
obtain sin(a + (3) — sin(a — (3) = 2 cos a sin (3 . Setting a + (3 = 7t and a — (3 = 6t, 
a = 6.5t and j3 = 0.5< . Hence sin 71 — sin 6t = 2 sin | cos ^ . 

3. Consider the trigonometric identity cos(a±(3 ) = cos a cos j3 T sin a sin f3 . Adding 
the two identities, we obtain cos(a — (3) + cos(a + (3) = 2 cos a cos (3. Comparing the 
expressions, set a + (3 = t and a — (3 = nt. Hence a = 3itt/2 and f3 = nt/2. Upon 
substitution, we have cos(7it) + cos{2'Kt) = 2 cos( 37 rf/ 2 ) cos(Tit/2). 

4. Adding the two identities sin(a±(3) = sin a cos (3 ± cos a sin j3 , it follows that 
sin(a — (3) + sin(a + (3) = 2 sin a cos /3. Setting a + (3 = At and a — (3 = 3t, we 
have a = 7t/2 and f3 = t/2 . Hence sin 3 1 + sin At = 2 sin(7t/2) cos(t/ 2). 


6 . Using inks units, the spring constant is k = 5(9.8)/0.1 = 490 N/m , and the damping 
coefficient is 7 = 2/0.04 = 50 N-sec/m . The equation of motion is 

5 u" + 50u' + 490-u = 10 sin(t/2). 

The initial conditions are it(0) = 0 m and u'(0) = 0.03 m/s . 


8 (a). The homogeneous solution is u c (t) = Ae 5t cos\/73t + Be 5t siny/73t. Based 
on the method of undetermined coefficients, the particular solution is 


U(t) 


— -[ - 160 cos(t/2) + 3128 sin(t/ 2)] 

153281 


Hence the general solution of the ODE is u{t) — u c {t ) + U(t). Invoking the initial 
conditions, we find that A = 160/153281 and B = 383443y/73 /II18951300 . Hence 
the response is 


u(t) = 


1 


153281 


160 e-*cos 773 1 + 383 t 4 ,!,/ W e^‘sin ^73 1 


7300 


+ U(t). 


( b ). u c {t) is the transient part and U (t) is the steady state part of the response. 
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(c). 



(d). Based on Eqs. (9) and (10), the amplitude of the forced response is given by 
f? = 2/A, in which 

A = yj 25(98 -w 2 ) 2 + 2500<u 2 . 

The maximum amplitude is attained when A is a minimum. Hence the amplitude is 
maximum at uj = 4y/3 rad/s . 

9. The spring constant is k = 12 Ib/ft and hence the equation of motion is 

6 

— u" + 12 u = 4 cos 71, 
oz 

that is, u" + 64w = y cos 71 . The initial conditions are u(0) = 0 ft, u'(0) = 0 fps. 
The general solution is u(t) = Acos 8 1 + Bsin 8 1 + || cos 71. Invoking the initial 
conditions, we have u(t) = — ||cos 8 1 + |^cos 7 1 = ™sin(t/2)sin(15t/2). 



12. The equation of motion is 

2u " + u' + 3u = 3 cos 3 1 — 2 sin 3 1. 

Since the system is damped, the steady state response is equal to the particular solution. 
Using the method of undetermined coefficients, we obtain 
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u ss (t) = ~(sin3t — cos 3t). 

Further, we find that R = \J2 /6 and 8 = arctan( — 1) = 3tt/ 4 . Hence we can write 
u S3 (t) = ^f-cos(3t — 37t/4). 


13. The amplitude of the steady-state response is given by 


R = 


m 2 (iv 2 — u 2 ) + 7 2 co 2 


Since F 0 is constant, the amplitude is maximum when the denominator of R is minimum . 
Let z = u> 2 , and consider the function f(z ) = m 2 (ca 2 — z) 2 -(- 7 2 z . Note that f(z ) is 
a quadratic, with minimum at 2 = u> 2 — 7 2 /2 m 2 . Hence the amplitude R attains a 
maximum at uj 2 nax = u ; 2 — -r /2nr. Furthennore, since uo 2 = k/m, and therefore 


2 2 
^max ^0 


7 


2 km 


Substituting or = u) 2 max into the expression for the amplitude, 


R = 


go 

>/7 4 /4m 2 + 7 2 (a; 2 — f 2 j 2m 2 ) 


y/a; 2 7 2 — 7 4 /4m 2 
go 

7o; 0 a^/ 1 — 7 2 /4m/c 


14(a). The forced response is n ss (t) = Acoscat + Bsincut . The constants are obtain by 
the method of undetermined coefficients. That is, comparing the coefficients of cos cat 
and sin cat, we find that 

— mca 2 A + 7cuH + /c A = if,, and — mca 2 B — 7<uA + kB = 0 . 


Solving this system results in 

A = m(col — ca 2 ) / A and B = ^ca/A, 

in which A = \Jm 2 (ca 2 — co 2 ) 2 + 7 2 u > 2 . It follows that 

, 70; 

tan 8 = B/A = ——-5-^ . 

m{ u>g — ur) 


(■ b ). Here m = 1,7 = 0.125 , u; 0 = 1. Hence tan <5 = 0.125a;/(1 — a; 2 ). 
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phase 



17(a). Here m = 1,7 = 0.25 , = 2 , F 0 = 2 . Hence u ss (£) = j^cos(u)t — 6 ), 

where A = \J (2 — a ; 2 ) 2 + u; 2 /16 = \ a/64 — 63a; 2 + 16 a ; 4 , and tan 6 = ^ 2 -u 2 ) 

(■ b ). The amplitude is 


a/ 64 — 63a; 2 + 16 <u 4 


Amplitude 



(d). fee Prob. 13. The amplitude is maximum when the denominator of R is minimum. 
That is, when u = u) max = 3a/T4/8 ~ 1.4031 . Hence R(u = u max ) = 64/ \J 127 . 


18(a). The homogeneous solution is u c (t) = Acos t + Bsin t . Based on the method of 
undetermined coefficients , the particular solution is 

3 

U (' t ) = -- cos cut . 

1 — uj- 

Hence the general solution of the ODE is uit) = uft) + {7(f). Invoking the initial 
conditions, we find that A = 3/(w 2 - l) and B = 0 . Hence the response is 
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w = 0.9 



Note that 


u(t) = 


l-to 2 


sin 


(1 — ui)t 


sm 


(to + 1 )t 


19(a). The homogeneous solution is u c (t) = Acos t + Bsin t. Based on the method of 
undetermined coefficients , the particular solution is 

3 

U ( t) = - 5 - cos tut. 

1 — ur 

Hence the general solution is u(t) = u c (t) + U(t). Invoking the initial conditions, we 
find that A = ( W 2 + 2)/V - l) and B = 1. Hence the response is 

u(t) = - ~ T 3 cos tut — (tu 2 + 2) cos 1 1 + sin t. 

1 — tu z 

( 6 .) 
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21. The general solution is u(t) = u c [t) + U(t ), in which 
.. -i/ief 1H358 257 


u c {t) = e 


171358 v 255 257758 

--— cos - 1 - , - sin 

132721 16 132721 a/255 


U(t) = [436800 cos(.3t) + 18000 sin(.3t)} 

lOZ / Zi X 
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(a). 



( 6 ). 



23. The general solution is u(t) = u c (t ) + £/”(£), in which 
u c (t) = e _f/16 


9746 1258 ^255 

cos — 77 :—t -\ - ,- sin — 77 —t 


4105 


16 821^255 


16 


and 


U(t) = ^ [ — 1536 cos(3t ) + 72 sin(3t)]. 
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( 6 ). 



24. 



25(a). 
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w = 0.5 



w = 0.75 



w = 1.0 
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w= 1.25 



w= 1.5 



w = 1.75 
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w= 2.0 



( 6 ). 

2 - 4 : 

72- 

2 : 

1 . 8 : 

1 . 6 : 

1.4: 

1 . 2 : 

1 ; 

0 . 8 - 

0 . 6 : 


0.6 ' ' 0.8 i 1.2" 1.4 " 1.6 " 1.8 " ’ 2 


(c). The amplitude for a similar system with a linear spring is given by 


y/25 - 49<u 2 + 25a; 4 


page 144 

































































































CHAPTER 3. 


Amplitude 
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